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We propose an approximate method for the investigation of the stability of sys=-
tems of linear equations with stationary random coefficients, based on the use

of the method of perturbations, The problem is reduced to the investigation of
the stability of a system of finite-difference equations whose coefficients are de-
termined by the spectral densities of the random parameters, Stability conditions
for systems of linear equations with random coefficients have been considered

by many authors [1 - 5], For systems whose coefficients are Gaussian white noises,
exact stability criteria have been obtained [1], Approximate conditions based
on the use of asymptotic methods have been found in a number of papers [3, 4]
principally for second-order systems with small stationary perturbations of the
parameters, The application of these same methods to higher-order systems
leads to complicated calculations,

We consider the nth order equation

y = [C + pG () — u?B,ly (1.1)

Here C is a real n X nmatrix with eigenvalues A, = ik, (s = 1,..., 2r), Rek,<<

<< 0 (s == 2r 4+ 1,..., n);we assume that all the k, are distinct (and, obviously, pair-
wise opposite), The elements of the matrix G (I) are centered stationary random proc-
esses, B1 is a real matrix, p is a small parameter,
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i h, (m = 1,..., n} are the linearly independent eigenvectors of matrix (', then the

transformation X = J/{™' y,where // = | h,..... h, |, reduces system (1, 1) to the form
= |A 4+ pl () — Bl x (1.2)
where A = | kyi,.... kg, 1, Ay, 4q...., A, | is a diagonal matrix and P = [[7' G/I and

B = H'B,H are complex matrices, Using the ideas of the method of pertyrbations,
we seek the solution of Eq, (1,2) in the series form

NNy N }1'1x.: e (t.3)
under the initial conditions x, (0) = x (0) -~ ¢, x; (0) - 0 (j _~ U). by assuming
that for each realization of ]’ ({) this series converges on some 1nterva] {0, T'1, where
T ~ p™\ substituting (1, 3) inte (1, 2) and separating out the terms with different powers
of {t,we obtain a system of recurrence equations

Xo' = AXy, X =LA PN N A - P x — Bx, (1.4)

solving which we find o .
x, = ¢'e, Xy = | et P (T edr
'1\
; .
X, = ( A(t-7) {]) (T) g A(r-1y) P (1’ ‘\ ’(del — Bc“"'cldr (15)
0 0 '

We shall judge the stability of system (1,2) from the variation of the mean value of
the square of the norm of X (£),<x (#) X ()}, where the bar on top denotes the conjugate
quantity, Since n

xO)x () = D) <o ()7 () (1.6)

$=1

the problem is reduced to computing the mean-square values of |, () |. From (1, 3) we
find }xe |2j\ = 2p. L0 - 1 (<11=‘Z(1s> i <'Fo,-z1<\?) H: (f(’[“fl\.\,
IL <I2sf()s> l <-l‘0s"jzs>) ) (17)
Let the components ¢, of the initial conditions vector ¢ be random variables satisfying
the conditions
(6,0 = | |PD By (Pus (0) Eh'; == () (, kosym=14,....n (1.8)

where §,,, is the Kronecker symbol, p;; (#) are the elements of matrix £ (!). In what
follows, when computing <x () X (£)> we shall carry out the averaging not only over
the realizations of £ () but also over the set of initial conditions, If here the guantity
{x () X (t)> remains bounded as { — oo, whatever be the set c, satisfying conditions
(1. 8), we take system (1,2) as being stable, By computing the terms occurring in (1, 7)
and taking (1, 8) into account, we obtain

Z0s (1) Zos (T)> = <" e Tay — ¢ e, l>e°R“"sTf-» PRT 2, (0) 2 (0) (1.9)

T
(oo (T) By (1) = | e hsT) 2 e Pyn (1) €8> dT =0 (1.10)
4] m=
n 7 T ' o
‘<1‘15 (77) jls (TV)> . eth‘)\s'] z <Icm lg/j j e *‘I\s)re(‘l.mwrl.s)rl[(sm (T“—‘Tl) dTl d‘r:
m==1 09 0

N (1.11)
Rex 1 (o ~F Aiw
2R heT 2 T (0250 (0> 57} Sm (@) [P {10 e[ de

ma=1 G
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(s (T) 20 (T)) = 5T (2

ReX,T 17 Om Ty
__ ,2Rex, RN
= (; (0) Z, (0 m=1 2n 5;0 Ss'" { — A, + i)
T
S Ty xﬁm] w—bssT} (1.12)
Here -
— 1 1w
Ko () = P () B € — D> = 5 | Som (@) d0
’ 1 ¢ ’ iw(t—T,
Kon (T — 1) = Psm (V) Pms (1)) = 5 S Som (©) € do
Suppose that the relation A, — A, ikymywhere k,, isareal number, is fulfilled

for some s and m Then s1ngu1ar1tles exist in the 1ntegrauds in (1,11) and (1,12), lead-
ing when integrating to the appearance of terms proportional to 7'. To separate these
terms we take it that ' > T} (T, is the correlation time of the processes p,,. ());
then the relations S, (0) =~ S,, (k) = const, S, (0) =~ S’ (ksm) = const
are valid for S,,, (®) and S’sm (®) in the ranges kg — 1Ty, kym -+ 1/ T4
Taking this into account, we obtain

i ¢ - iw
A (S )| T 4y — 0 do —
1 ° 1—cos(k,, ~o)T
S Q S (@) — 2 — do = (1.13)
kgm+1/T1 -
1 P 1—cos(k,,—o)T B
= Ssm (ksm) S k. — w) do + Pom (T) = T‘bsm (ksm) + 1psm (T)

ksm_l/TI 5

Here @,,, (T) and ,,, (7T are functions which remain bounded as T'— oc. Analogously,
for As — A, = ik, we obtain

w s 1.14)
1 g OmhHOT g T T o (
o § Sem (0) Lxm ST E W im]d‘” = = Som (ko) + Mo ()

where 1., (T)is a bounded function,

We substitute (1,13) and (1, 14) into (1.11) and (1.12) and we separate the terms which
increase unboundedly as 7 grows, It is obvious that such terms may occur only in expre-
ssions corresponding to § < 2r. When s > 2r the factor ¢***sT eliminates the poss~
ibility of unbounded growth since ReA, < 0.For s < 2r only the terms corresponding
to m < 2r may be unbounded, since the difference A,, — A cannot be pure imaginary
when m > 2r, s < 2r, Taking this into consideration and substituting (1. 9) - (1.12)
into (1,7), for s << 2r (k,,, = k, — k,;) we obtain

ar

(@ (1) 3, (1)) = <@, )5, (D)5 + W T D [Sem (ks — k) @ (0)2m (0)) +
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+ Re S;m (ks - km) <x8 (0) jzs (0)/] - 2 Re bss <J€S (O) js (O):}’}' '%’P'zes (T.)'}T‘ (115)

where 0, (7) is a bounded function, and the terms discarded have an order of smallness
higher than the second, If 7 ~ p™*, then p2T ~ P' and expression (1. 5) may be written
to within terms of the order of M? in the form

v (T) = v (0) - p®TTv (0) (1.16)

Here Vv (f) is a 2r- dimensional vector with components <[t (5[, I' isa 2r X 2r
matrix with elements
2r

Tos = S5 (0) + D) ReSem(ky — ko) — 2Re by, Tam = Som (ks — ki) (1.17)
m=1

We can convince ourselves that under the assumptions made the quantities <Z, (7)
Zp (1)) for s 5= m ,and (p;; (T) %, (T)) are small quantities of the order of p¥ If
now in analogous fashion we express v (27) in terms of v (7'), then in expressions (1.10)
- {1,12) these quantities yield corrections of the order of u® and higher, which does
not affect the final results, Thus, for integers p the quantities v (p7) and v [(p — 1)
7'l are connected by the finite~difference relations

v(pT) = (E + wTh)vip —1) T} (1.18)

where FE is the unit matrix,

Since the quantities {2 {7){*> are bounded for § > 2r , a sufficient condition for

the boundedness of ¢ |x (7)[*) is the boundedness of the solutlons of system (1, 18) for
any v (). For this, as is well known, it is sufficient that the roots of the equation

det [F + p® T — Enl =0 (1.19)
satisfy the condition |n,| <C 1 (s = 1,..., 2r). Hence we can obtain an equivalent (for
small }) condition, which is that the equation

det (I — Fp) = 0 (1.20)
must have all its roots with negative real parts, Thus, the investigation of the stability
of system (1, 2) is reduced to the investigation of the roots of the characteristic equation

(1.20), It is obvious that by virtue of the boundedness of matrix H™' the stability con-
ditions for systems (1,2) and (1.1) coincide,

2, Examples, 1, Letusinvestigate the stability of the second-order system

T A 20t A K v () 2T pE (D @ == z.1)
Writing it in the form of system (1.1) we obtain
L T iR
O {t) ; C(g...v(é)i {0 2n|
We see that in the given case
1 1 I]
H= uik — ik]
Transforming the system to form (1, 2) we have
ik G ‘ 1 §—E)—ikv(D), ——E{tv%—s&v(t}) u n —n
o NCRS e IR A R n

Further we fmd
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811 (©) = Sa1 (0) = #Sa () + —1— S, (@) + ‘2113 Im S, (@)
S12 (0) = Saz2 (0) = 4—1— S (@) + —,i— S, (@) — % Im §¢, (@)
Re 11’ (0) = Re 1’ (0) = — 71/7 S () + % S, (@)
Re St (0) = 4—1— S, () + % S, (@) — Tik Im S, ()

, 1 . 1 1
Re 8§31/ (w) = mbi(w)—i— —4—Sv () + o5 Im Si" ()

where §; (@), S, (@), S, () are the spectral densities of £ (¢), v (¢) and their mutual
spectral density, From formulas (1,17) we find

1 1 1 1
T = Yoo :"2—:5\'(0)—}—'—4—5\‘(2/‘5)—}—-'4—k£~‘SE(2k)-—2—Ic ImSEV(Zk)—zn
1 1 1
T2 = Yo1 = 755~ Sg (2k) + 7~ 8, (k) — 5 Im S, (2k)

By setting up the usual Hurwitz conditions for Eq, (1,20), we arrive at the following
stability condition:

1 1 1
n>%sv ©) 4 5, @K + 7z S @k — = Im Sy, (2k) (2.2)

For v = 0 and §, (@) = §, this condition yields » > S/4k?, which coincides with the
well-known stability condition for the case when the random parameter is a "white
noise, "

2, Let us consider the system of two second~order equations

21" 4 k?zy 4 p2Pizi’ 4 BE (8) (anan - anzs) =0
2.3)

25" A ko2zy +p2Poze’ 4 BE (1) (21 4 anzs) =0
writing system (2, 3) as four first-order equations and transforming matrix € to diagonal
form, we obtain

ik 0 0 0 Br —B 0 0 ll
0 —ik1 O 0 B 1 |— Bt B1 0 0
A= 0 0 ik O | T 0 0 B — P2
0 0 0 —ik 0 0 —B: Ba
anks anks apks anks
; —_— —_— . — aka  — awk:
_E(Y) anks anks azks 12k2
P(t)= ok k2 axki azky azk axk
—anks —anki —axnki — axk

In the given case the spectral densities S, () are " ,
an

Sp=~8n=—S8p=—=5S1="7" 7= St
1 araen
S|3=S‘31=S~24=Su=—S13=—S.'il-_——Szd='—S¢'-’-= T—W g
1 ax? S
533=S44=—534=—S¢3=T k2 g

S;m (@) = — Ssm (@)
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The elements of the matrix I' defined by formulas (1.17) take the form:

UH“

SR o arean . ) p
T e = e ‘“z“"‘) T B ) =B
. 3 a1 . . B
T3 == 44 = 4A Se (2ha) -+ Yo (S —87)— B
== — - o 1 aw?
T =Tn=— Gk bi(:-/u), T34 = T3, = — W T A} ()A)
i i3l = 24 7= (492 = % kika z
e 1 anaex
Ti4 == Ta1 = Y23 == V32 == % P £
St =S8y (b1 + k), S =8y (ki —ka) = S (k2 — k1)
After manipulations matrix I' is reduced to the form
. I I
= I's

where Ty, T, T3 are second-order square matrices, Here Eq, (1.20) splits up into the
two equations

det (I'y — Ep) = 0, det (T3 — Ep)=0

The elements of matrices I'y and Ty are, respectively,
ana:

T Thoh, St — S — By 1) = Z;zlk“ (Sgt — 87— 3
1 =1 = — gy ¢ = 5O
A =2 S (55* =8¢ — ba
15 —%-’l}f . (2k) + f};f’,j‘ Sgt— 5 —8
9 = S 50

writing down the Hurwitz conditions we obtain the following stability conditions;
anal

B > 5rT Zk 2 N (~h1)+ A (Sg+'_ SF:) (2-4)
az” 212821 —
B> ke 2+ Tk, 2T
i an? a1az) _
|81 T Se k) — T (57— S 1B

. antan’

X [3.»—%\.‘___— 5. (2h) — e (S — 8 )]> Mjc Tt (5" — S
Let us consider an automatic control system containing in the loop an element
with a random gain & {1+ un (¢)], where 7 is a centered stationary random process
Having expanded the transfer function W (p) into partial functions, we can write the
equations of motion of the systemn in the form

3.

- B .
=W (pyu 2:, e, w=pn(): (=

— A
p— 1k,

L
S

Let us assume that among the roots of the characteristic equation there is one pair of
complex roots with a small negative real part
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Wip) f—— My = —pin + ik (2.6)

The remaining roots satisfy the conditions Re A; < 0 (s=
= 3,..., n) and, moreover, | Re A,| > p*n. Obviously,
here B, = B,. Introducing the new variables

B

8

. _ 3
z, = P—A, U= p—1, wn(ez

#

we reduce Eq, (2, 5) to the form

n
Figo 1. zs — l,xs‘l‘le"ﬂ (t) 2 I’
or, with due regard to (2. 6), e=1

n

21" = — Pz + ikz1 + pBm (%) 2 z,
=1
n

r3 = — pﬁnzz — ikxg + }I-Bz’V] (t) 2' Is
8=1

n
) = A,rzr—]—p.an(t)Z z, (r=3,...,n)

8==]
Determining the elements of matrix T',we find
T =T = 2a>§ (0) 4 (a® 4 b%) 5, (2k) — 2n
Te=1Tn=(a*+b)S, (2k) a=ReBi, b=ImB
Hence we obtain the stability condition
n> a2S, (0)+ (a® + b%) S . (2k) 2.1
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